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TWO NEW BOOKS ON THE CALCULUS. 

By W. H. BUSSEY, University of Minnesota. 

Differential and Integral Calculus. An introductory course for colleges and engi- 
neering schools. By LORRAIN S. HULBURT. Longmans, Green, and Co., 
New York, 1912. xviii+481 pages. 

The Calculus. By ELLERY WILLIAMS DAVIS, assisted by WILLIAM CHARLES 
BRENKE. Edited by EARLE RAYMOND HEDRICK. The Macmillan Company, 
New York, 1912. xx+384+63 pages. 
In many American colleges and universities, differential and integral calculus 

are still taught as separate subjects. It is the traditional method. The more 
modern tendency is to teach a course in "The Calculus," the two branches of 
the subject being more or less closely correlated according to the text book used. 
Whether a teacher gives a course of the one kind or the other depends sometimes 
upon his individual preference, and sometimes upon peculiar conditions in the 
college or in the department of mathematics. As a usual thing, the same book is 
not well adapted to the two kinds of courses. The two books which are the 
subject of this review represent the two methods of teaching the subject. 

Hulburt's Calculus keeps differential and integral calculus quite separate. 
The Davis Calculus correlates the two branches of the subject. It is the opinion 
of the reviewer that each is an excellent book of its kind. The teacher who is 
looking for a new text book has a choice between two widely different types. 
They differ in point of view as well as in method. The fundamental idea of the 
Davis Calculus is that the derivative is the rate of change of one quantity with 
respect to another. The whole subject is evolved from the idea of a rate as a 
limit. The very first paragraph of the book defines the calculus as the study of 
the relations between interdependent quantities with special reference to their 
rates of change. The derivative as the slope of a curve and the derivative as 
speed are regarded as special cases of the derivative as rate of change. In the 
Hulburt Calculus, on the other hand, the interpretation of the derivative as a 
rate appears for the first time on page 103, in the chapter on "The derivative 
as velocity." For the first eight chapters, the derivative is interpreted as the 
slope of the curve represented by the function. The tendency of the Davis Cal- 
culus is to correlate the various parts of the subject, while that of Hulburt's 
Calculus is to keep them separate. 

Another fundamental difference between the books is illustrated by the two 
ways in which the authors introduce the indefinite integral. In the Hulburt 
book, the indefinite integral of a function is an abstract thing. The problem is 
that of finding a function whose derivative is given. The student learns the 
technique of abstract integration, and then he studies its applications to geometry 
and kinematics. The advantage of this method is that difficulties of different 
kinds are met and overcome separately. In the Davis book, on the other hand, 
the indefinite integral is given a concrete interpretation when it is introduced. 
The problem is a real problem, namely that of finding the amount of a variable 
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quantity whose rate of change is known. The work is vitalized by having a 
meaning attached to it from the beginning. That is an advantage. The student 
sees what it is for. The disadvantage is that he has the difficulties of inter- 
pretation and the difficulties of technique to meet at the same time. This is a 
typical example of an important difference between the two books. Each type 
of book has its own peculiar advantages and disadvantages. 

HULBURT'S CALCULUS. 

Hulburt's Calculus may be thought of as divided into four parts. Book I 
(174 pages) deals entirely with differential calculus, Books II and III (118 pages) 
deal entirely with integral calculus. Books IV and V (127 pages) discuss the 
following topics in both differential and integral calculus, which were omitted in 
the earlier part of the book: partial and total derivatives; multiple integrals; 
centers of mass; the theorems of Taylor and Maclaurin; De Moivre's theorem 
and hyperbolic functions; integration of rational fractions; and envelopes. 
There is some correlation of the two branches of the calculus in the working out 
of these topics, but not much. Integration is used in the study of the hyperbolic 
functions, though it is needed for some of the examples given in connection with 
envelopes. Book VI (31 pages) is an introduction to ordinary differential equa- 
tions. 

Book I has an introduction dealing with functional symbols, kinds of functions, 
and graphs of functions with special reference to their discontinuities. Chapter I 
deals more extensively than is usual with limits and elementary means of finding 
limits. A strong feature of the book is the way in which it connects with analytic 
geometry. The derivative is defined in Chapter III. It is immediately inter- 
preted as the slope of the curve represented by the function, and, except for the 
practical problems in maxima and minima, the applications given in the first 
eight chapters are all to analytic geometry, especially to curve tracing. Espe- 
cially worthy of note is the paragraph in Chapter I which explains the distinction 
between the limit of f(x) when x a and the value of f(x) when x = a. In 
Chapter VI, the author devotes four pages to the graphical method of finding 
approximately the roots of algebraic and transcendental equations. 

Logarithmic and exponential functions are differentiated for the first time in 
Chapter VIII. A few pages are given to the interesting compound interest law. 
Differentials are introduced in a satisfactory way in this chapter. Up to this 
point, the author has used the Dxy notation for derivative. His remarks in 
introducing the new notation are interesting: "It is evident that differentials 
might have been introduced much earlier in the course-in fact, at any stage 
after the definition of the derivative. The reader must not infer that they are 
introduced here because any peculiar advantage is to accrue from their use in 
the following pages. The differential notation possesses few advantages over 
the notation that we have employed up to this point, and throws no new light 
upon any of the problems of mathematics. Indeed it has difficulties of its own 
and can produce confusion of mind in the beginner. But it is a part of our mathe- 



28 TWO NEW B OOKS ON THE CALCULUS 

matical inheritance from the early days of the calculus, and is still widely used, 
especially by writers on applied mathematics. Because, then, of their use in 
modern text books, and for this reason only, the student must become familiar 
with differentials. In the following pages, therefore, we shall frequently give the 
differential formulae along with the derivative formulae." 

Up to this point, the derivative has been interpreted only as the slope of a 
curve. Chapter IX is entitled "The derivative as velocity." Applications to 
simple harmonic motion are given. 

These first nine chapters constitute a good short course (114 pages). The 
student will know what differential calculus is good for, even if he never reads 
farther. The next seven chapters are short, They deal with applications to 
geometry and kinematics. The last chapter in Book I takes up the law of the 
mean and indeterminate forms. Partial and total derivatives occur in Book IV. 
They can be taken up as soon as Book I has been finished, if it is so desired. They 
are placed in Book IV because an introduction to solid analytic geometry is 
given in Book III. The theorems of Taylor and Maclaurin and their applications 
are also in Book IV. They can be taken up before integral calculus is begun if 
it is desired. 

Integral calculus begins in Book II. The first principles of integration, 
including the fundamental formulae and the simple devices for bringing the 
integrand into a form to which one of them will apply, are given in 15 pages. 
The author then explains how a table of integrals is used, and he suggests that 
the student buy one. There is no such table in the book. The table constantly 
referred to in the text is that of B. 0. Peirce. The author believes that the 
student should use such a table freely, so as to have more time to spend on the 
applications of integral calculus. Nevertheless, he realizes that the student 
must know some of the devices for finding integrals if he is to be able to use the 
table intelligently. So he puts in eight pages on special methods of integration, 
including integration by parts and by algebraic and trigonometric substitution. 

All this work in integral calculus takes just 26 pages. The next two chapters 
(23 pages) are devoted to applications of indefinite integrals to plane geometry 
and kinematics. Then comes Chapter XXII, dealing with definite integrals and 
their use in finding lengths of curves and areas under curves. It is in Chapter 
XXIII that the definite integral is thought of primarily as the limit of a sum. 
The author gives a geometric proof of the fundamental theorem that the sum 
b 

Zf(x)Ax has a definite limit when f(x) is real, single valued, and continuous 
a 

throughout the interval a _ x ? b. 
Book II closes with applications of definite integrals to solids and surfaces of 

revolution. Book III contains an introduction to solid analytic geometry, and 
applications of definite integrals to volumes and areas. Only single integration 
is used. Multiple integrals and their applications are found in Book IV, after 
partial derivatives. The miscellaneous topics in Book V have already been 
mentioned. Book VI is an introduction to ordinary differential equations. 

Answers to all problems are given at the end of the book. 
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THE DAVIS CALCULUS. 

The Davis Calculus is the first of a new series of mathematical books to be 
published by The Macmillan Company under the general editorship of Professor 
E. R. Hedrick, of the University of Missouri. 

The first paragraph of the preface sounds the key-note of the book. "The 
significance of the calculus, the possibility of applying it in other fields, its useful- 
ness, ought to be kept constantly and vividly before the student during his 
study of the subject, rather than to be deferred to an uncertain future." The 
subject is made concrete from the beginning. The derivative is defined as the 
limit of the quotient of two infinitesimal differences Ay and Ax, but it always 
means the instantaneous rate of change of the variable y with respect to x. 
The meaning is made clear before the formal definition is given. Applications 
to geometry, kinematics, maxima and minima, etc., take up most of the first 90 
pages. Not many of these pages are given to the technique of differentiation, 
because only algebraic functions are used. The derivatives of logarithmic, 
exponential, and trigonometric functions are taken up for the first time on page 
130. 

The differential notation is used from the beginning of the book. Differ- 
entials are defined in a satisfactory way in the third chapter. In leading up to 
this subject, the author remarks that, although the derivative is the limit of a 
fraction rather than a fraction, it may be thought of as a fraction by providing 
it with a convenient denominator, just as any other quantity may be thought of 
as a fraction if provided with a convenient denominator. The way in which the 
author makes this clear to the student is very ingenious. It certainly makes 
differentials concrete things. 

In Chapter V, the indefinite integral is introduced in connection with the 
problem of the reversal of rates. The idea of rate is very much in evidence in 
the first applications of integrals to the finding of lengths of curves and areas 
under curves. In fact the fundamental summation formula which says that a 
definite integral is the limit of a sum is obtained from the interpretation of an 
indefinite integral as a reversed rate. A little later, the author remarks that 
"the greater number of integrations appear more naturally as limits of sums 
than as reversed rates," and he adds this foot note: "It is really a waste of time 
to discuss at great length which fact about integrals is used as a definition, and 
which one is proved; to satisfy the demand for formal definition, the integral 
may be defined in either way,-as a limit of a sum, or as a reversed differentiation. 
The important fact is that the two ideas coincide, which is the fact stated in the 
summation formula." The work on the definite integral as the limit of a sum is 
preceded by a few pages devoted to elementary methods of approximate sum- 
mation as distinguished from the exact summation given by definite integrals. 
Applications of Cavalieri's theorem and the prismoid formula are included in this 
chapter. 

One of the good things about this book is that the first five chapters (130 
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pages) contain so many useful and interesting applications of both differential 
and integral calculus with a minimum of the technique of differentiation and 
integration. 

Beginning with Chapter VI, differential and integral calculus are not kept 
separate. The derivatives of log x and sin x which occur for the first time in 
this chapter, are not obtained in the usual way. The derivative of logio x is 
found before loge x by a method which lays stress on the very meaning of loga- 
rithms and is as rigorous as the traditional proof. The derivative of sin x is 
found by using the properties of circular motion. The logarithmic derivative, 
which is usually a mere device for finding the actual derivative, is interpreted as 
the relative rate of change of a quantity y with respect to a quantity x. This is 
another example of the author's desire to have nothing abstract. Another 
instance of the same tendency is the definition of curvature as the instantaneous 
rate of change of a per unit length of arc, where ae is the angle made by the tangent 
with the x-axis or the polar axis. 

Chapter VII deals with the technique of integration. There is a good table 
of integrals in the back of the book, and the student is expected to use it intelli- 
gently, not slavishly. This chapter contains applications of single and multiple 
integrals, and a brief treatment of improper integrals with precautions to be 
observed in using them. 

The first seven chapters (226 pages) have been developed without the law of 
the mean and the theorems of Taylor and Maclaurin. The manner in which 
these are introduced and used is one of the strong features of the Davis Calculus. 
Chapter VIII is on methods of approximation. It begins with a discussion of 
the elementary methods of finding equations to represent, at least approximately, 
curves which are given empirically. Lagrange's interpolation formula, the 
method of differences, and logarithmic plotting are used. Closely related to this 
subject is the problem of finding polynomial approximations of functions which 
are not polynomials. Taylor's Theorem is introduced for this purpose. Taylor's 
series with the remainder is taken up before there is any mention of infinite series, 
and a study is made of the error involved in neglecting the remainder and using 
the resulting polynomial approximation for the function under consideration. 
The work on infinite series is not extensive. Convergence and divergence are 
defined and illustrated, and a general test for the convergence of the series 
furnished by the theorems of Taylor and Maclaurin is developed. There is a 
good paragraph on precautions to be taken in using infinite series. 

Chapter IX deals with partial and total derivatives, with applications to 
plane and solid geometry and to physics. Chapter X is an introduction to 
ordinary differential equations of the first order. The book closes with 58 pages 
of useful tables which will relieve the student of many difficulties if he uses them 
intelligently. 

An answer book, containing answers to all of the numerical problems in the 
book, and indicating in some detail the methods of attack for the theoretical 
problems, will be published some time this winter. The " Errata," which will 
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also be printed on a separate sheet, will be printed as a page of the answer 
book. 

At the end of this review of two new books on the calculus, the two lines from 
Pope, quoted at the beginning of the Davis Calculus, seem appropriate. 

" Be not the first by whom the new is tried, 
Nor yet the last to lay the old aside." 

PROBLEMS AND QUESTIONS. 

Under this heading the MONTHLY will act as a medium for the interchange of 
ideas on behalf of its readers. While questions proposed merely as puzzles will 
not necessarily be barred by the editors, yet it is hoped that light on many real 
difficulties may be sought through these columns; and that many problems 
arising in the actual processes of investigation may be proposed for solution. 
In order to encourage this latter form of questions and problems, the names of 
proposers will not be given when the editors are requested to withold them. 

A committee of the Editorial Board, consisting of Professor B. F. Finkel, 
chairman, Drury College, Springfield, Mo.; Professor R. P. Baker, University of 
Iowa, and Professor R. D. Carmichael, Indiana University, will have charge of 
contributions to this department. Correspondence may be addressed to the 
chairman or to any member of the committee. No problems are printed this 
month owing to the unusual space occupied by other matter. This department 
will be resumed in the February issue. 

NEWS AND NOTES. 

Under this heading the MONTHLY will print information concerning new 
appointments and promotions of teachers of mathematics, notices of meetings of 
mathematical associations, biographical and bibliographical notes, references to 
articles of interest in other mathematical journals, courses in mathematics offered 
in American universities and any items whatsoever of general interest to teachers 
of mathematics. 

Contributions to this column should be sent to Professor FLORIAN CAJORI, 
Colorado College, Colorado Springs, Colo., who is chairman of the committee 
having this department in charge. Other members are Professor G. A. MILLER, 
University of Illinois, Professor W. H. BUSSEY, University of Minnesota, and 
Professor W. DE W. CAIRNS, Oberlin College. 

Mr. E. R. SMITH, formerly of the Brooklyn Polytechnic Institute, is now head 
master of the Park School, Baltimore, Md. 
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